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DYNAMICS OF MEROMORPHIC MAPPINGS WITH SMALL
TOPOLOGICAL DEGREE II: ENERGY AND INVARIANT MEASURE
JEFFREY DILLER, ROMAIN DUJARDIN, AND VINCENT GUEDJ
Abstrat. We ontinue our study of the dynamis of meromorphi mappings with small
topologial degree λ2(f) < λ1(f) on a ompat Kähler surfae X. Under general hypotheses
we are able to onstrut a anonial invariant measure whih is mixing, does not harge
pluripolar sets and has a natural geometri desription.
Our hypotheses are always satised when X has Kodaira dimension zero, or when the
mapping is indued by a polynomial endomorphism of C
2
. They are new even in the bira-
tional ase (λ2(f) = 1). We also exhibit families of mappings where our assumptions are
generially satised and show that if ounterexamples exist, the orresponding measure must
give mass to a pluripolar set.
Introdution
In this artile we ontinue from [DDG1℄ our study of the dynamis of meromorphi mappings
with small topologial degree on omplex surfaes. Whereas our previous artile foused on
onstruting anonial forward and bakward invariant urrents for a given mapping, here
we take up the problem of interseting these urrents to reate a natural invariant measure.
In fat, the rst half of this artile does not onern dynamis at all but rather the general
problem of dening the wedge produt of two positive losed (1, 1) urrents on a ompat
omplex surfae. This is of interest in its own right, and our treatment draws muh in ontent
and spirit from reent work of Guedj and Zeriahi [GZ2℄ onerning the denition of the omplex
Monge-Ampère operator in the ompat setting. Let us begin, nevertheless, by rehearsing the
dynamial setting of immediate onern. We refer the reader to [DDG1℄ for a more thorough
presentation and list of referenes.
Let (X,ω) be a ompat Kähler surfae and f : X → X a meromorphi self-map. We
assume that f is 1-stable, meaning that the indued ation f∗ : H1,1(X)→ H1,1(X) satises
(fn)∗ = (f∗)n for all n ∈ N.
We let λ2 = λ2(f) denote the topologial degree of f and λ1 = λ1(f) be the rst dynamial
degree of f . These are the spetral radii of the ations f∗ : Hj,j(X)→ Hj,j(X) for j = 2 and
j = 1, respetively. Our main assumption is that f has small topologial degree; that is,
λ2(f) < λ1(f).
Notie that with this terminology a birational map (λ2 = 1) has small topologial degree only
when λ1 > 1. Note also that in this ase either X is rational or kod(X) = 0.
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knowldeges the National S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e Foundation for its support through grant DMS 06-53678.
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Under these onditions we have shown in [DDG1℄ that there exist losed positive (1,1)
urrents T+ and T− uniquely haraterized by
(1) T+ = lim
n→∞
1
λn1
(fn)∗ω, and T− = lim
n→∞
1
λn1
(fn)∗ω
Furthermore, T± an be written as T± = ω± + ddcG±, where ω± are positive losed urrents
with bounded potentials. By saling ω, we normalize the ohomologial intersetion number
so that {T+} · {T−} = 1. Finally, under the additional assumption that X is projetive
(non-projetive examples an arise on surfaes of Kodaira dimension zero), the invariant ur-
rents have speial geometri properties: T+ is laminar while T− is woven (see [DDG1℄ for
denitions).
We have three goals in this artile.
- First, we seek general onditions under whih the wedge produt T+ ∧ T− may be
reasonably dened as a probability measure µf on X. Here, reasonably dened is
understood as a ontinuity requirement: when T± are approximated in a standard
pluripotential theoreti sense by onvergent sequenes (T±j ) of less singular positive
losed (1, 1) urrents, then we insist that limj→∞ T
+
j ∧ T−j → µf .
- Seond, we seek to show that the onditions that guarantee existene of µf also ensure
that it has good dynamial properties:
i. µf is invariant under f ;
ii. µf is mixing;
iii. µf may be alternately viewed as geometri intersetion of the laminar/woven
strutures of the urrents T+ and T−.
In a third artile, [DDG3℄ we will greatly elaborate on this seond goal, studying the
ne ergodi properties of (f, µf ) when properties i. to iii. are satised.
- Finally we seek to apply our results to partiular examples of meromorphi mappings.
This requires that we nd hekable dynamial riteria that imply the potential theo-
reti onditions needed to dene µf .
It should be noted that, as with the other two artiles [DDG1, DDG3℄ in this series, this
one represents an attempt to generalize things that are known about birational maps to the
larger setting of maps with small topologial degree. On the other hand, this paper is the
only one in the series that gives new results even in the birational setting.
⋄
Let us now desribe our results. Regarding the rst goal, let S = α+ddcϕ and T = β+ddcψ
be any two positive losed (1, 1) urrents on X, eah expressed in terms of a positive urrent
with bounded loal potentials (α, β) and a negative (relative) potential funtion (ϕ, ψ).
Produts α ∧ T involving a positive urrent with bounded potentials are well-understood
[BT1℄. The most straightforward way to dene S ∧ T more generally is to require ϕ ∈ L1(T )
and then delare ddcϕ ∧ T := ddc(ϕT ). We write T ∈ L1(S) when this integrability holds.
This ondition is independent of the hoie of deomposition of T and moreover symmetri in
S and T .
In our dynamial situation, the ondition T+ ∈ L1(T−) sues for our rst goal. However,
it is not lear that the resulting measure µf then has good dynamial properties. In partiular
it seems diult, given only the L1 ondition, to establish that the intersetion T+ ∧ T− is
geometri. Moreover, in ertain ases (see e.g. the examples in 4.4) we do not know whether
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T+ ∈ L1(T−), but we are nevertheless able to dene a reasonable wedge produt T+ ∧ T−
by taking advantage of the global (ompat Kähler) ontext, in the spirit of [GZ2℄.
Let S and T be positive losed urrents as before. We say that S has nite T -energy, and
denote S ∈ E(T ), if there exists an unbounded onvex inreasing funtion χ : (−∞, 0] →
(−∞, 0] suh that χ ◦ ϕ ∈ L1(α ∧ T ) and the weighted energy
(2)
∫
χ′ ◦ ϕdϕ ∧ dcϕ ∧ T
is nite. This ondition is independent of the hoie of deomposition for S. We stress that
it does not imply that S ∈ L1(T ).
Our rst main result is the following.
Theorem 1. Let S = α + ddcϕ and T = β + ddcψ be positive losed urrents on a ompat
Kähler surfae as above. Assume that S ∈ E(T ), T ∈ E(S) and T does not harge pluripolar
sets.
Then the produt S ∧ T is well-dened and does not harge pluripolar sets.
When the rst assumption of this theorem holds for the invariant urrents T+ and T−
assoiated to a 1-stable meromorphi map f : X → X of small topologial degree, we say that
f has nite dynamial energy. In this ase we an show that the urrent T+ does not harge
pluripolar sets (see Proposition 2.2). Thus the measure µf = T
+∧T− is well dened and does
not harge pluripolar sets. We are further able to prove that µf has the desired properties
(i)-(iii) above, property (iii) being the hardest to establish.
Theorem 2. Let f be a 1-stable meromorphi self map of a ompat Kähler surfae, with
small topologial degree. Assume that f has nite dynamial energy. Then µf := T
+ ∧ T− is
invariant and mixing.
If furthermore X is projetive then µf is desribed by the geometri intersetion of the
laminar/woven strutures of T+/−.
We now turn to the problem of heking the nite dynamial energy ondition; i.e. of
nding a weight χ so that the integral in (2) is demonstrably nite. Some weights are, of
ourse, easier to work with than others. The lass of homogeneous weights χ(t) = −(−t)p,
0 < p ≤ 1 turns out to be partiularly useful for dynamial appliations.
For the weight χ(t) = t we obtain the following riterion whih generalizes the work of
Bedford and the rst author [BD℄ (see also [DG℄). In order to state it, we let I+ denote the
indeterminay set of f , and I− = f(E+) denote the image of the exeptional set E+ of f .
Theorem 3. Let f be a 1-stable meromorphi self map of a ompat Kähler surfae, with
small topologial degree, and let T± = ω±+ddcG± be the invariant urrents. Suppose that G+
is nite at eah point of I− and G− is nite at eah point in I+. Assume furthermore that
- either T+ ∈ L1(T−),
- or no point in either I+ or I− is spurious.
Then T+ ∈ E(T−) and T− ∈ E(T+) with weight χ(t) = t.
We do not dene spurious here (see 3), but we do note that the seond assumption is
satised when, for instane, the lasses of T+ and T− are Kähler. Also, when λ2 = 1 it holds
up to a birational hange of surfae [BD, Prop. 4.1℄. Finiteness of G± on I∓ is a kind of
avoidane ondition on the orbits of I+ and I− that is readily veried for many maps.
We show in setion 4 that the hypotheses of Theorem 3 are satised in partiular for
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- polynomial maps of C2,
- maps on P1×P1 that ome from the seant algorithm for nding roots of polynomials,
- maps on surfaes X with kod(X) = 0.
We also give weaker indeterminay avoidane onditions that guarantee nite energy with
respet to the other homogeneous weights χ(t) = −(−t)p. By studying a birational example
of Favre, whose salient feature is an invariant line on whih the map f ats by rotation, we
show how it an happen that the weaker avoidane onditions are veried when the stronger
ones are not. For birational mappings with T+ ∈ L1(T−) it was proven in [DG℄ that
nite energy with respet to the weight χ(t) = t is equivalent to log d(·, I+) ∈ L1(µf ).
On the other hand, it follows from Theorem 2 and the results of [Du2℄ that, if a birational
map f with λ1 > 1 has nite dynamial energy then it enjoys many interesting dynamial
properties. Thus, the examples in 4.4 show that for birational maps, it is possible that the
results of [Du2℄ hold while log d(·, I+) /∈ L1(µf ).
Less formally but more suggestively, our methods allow us to prove that µf ats muh like
a non-uniformly hyperboli measure even though µf does not satisfy a onvenient hypothesis
guaranteeing existene of well-dened Lyapunov exponents (see e.g. [KH, Setion S.2℄ for
bakground on these).
It is worth emphasizing that we do not know any example violating the nite dynamial
energy ondition. One might hope that no suh examples exist. Regardless, a rational map
with small topologial degree and innite dynamial energy would likely have some very
surprising properties. For instane, we obtain the following dihotomy:
Theorem 4. Let f be a 1-stable meromorphi self map of a ompat Kähler surfae, with
small topologial degree. Assume further that T+ ∈ L1(T−). Then
- either f has nite dynamial energy
- or µf = T
+ ∧ T− harges the pluripolar set {G+ +G− = −∞}.
The family of birational maps given in Example 4.7 satises this dihotomy. Furthermore,
generi members of this family indeed have nite dynamial energy.
⋄
The struture of the paper is as follows. In 1, we develop the general framework for
intersetion of positive losed (1, 1) urrents satisfying the nite energy ondition. Theorem 1
and a general dihotomy leading to Theorem 4 are both established here. In 2, we onsider the
nature of the measure µf under the assumption that f has nite dynamial energy. Theorem 2
is the end result. In 3, we onsider the partiular ase of homogeneous weights more arefully,
giving several riteria for nite dynamial energy along the lines of Theorem 3. Finally, in 4,
we illustrate our main results by applying them to several signiant examples, both invertible
and non-invertible ones among them.
Aknowledgment. We would like to thank A.Zeriahi for several useful disussions.
1. Weighted energy with respet to a urrent
We develop in this setion the pluripotential theoreti tools that we will use to dene and
understand the wedge produt T+ ∧ T−. There is no dynamis here, so these results might
aordingly be of independent interest.
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1.1. The lass E(T, α). Throughout the setion, we take α, T to be positive losed (1, 1)
urrents on X suh that α has bounded potentials. We assume
∫
X α ∧ T = {α} · {T} = 1,
the middle term denoting intersetion of ohomology lasses. We let PSH(X,α) = {u ∈
L1(X) : α + ddcu ≥ 0} denote the set of α-plurisubharmoni (or just α-psh) funtions. If
u ∈ PSH(X,α) for α smooth, then u is alled quasiplurisubharmoni (or just qpsh).
If u, v ∈ PSH(X,α) are bounded, it follows from plurine onsiderations (see [BT2℄) that
(3) 1{u>v}[α+ dd
cu] ∧ T = 1{u>v}[α+ ddcmax(u, v)] ∧ T
in the sense of Borel measures.
Let ϕ ∈ PSH(X,α) be an unbounded funtion and ϕj := max(ϕ,−j) ∈ PSH(X,α) ∩
L∞(X) its anonial approximants. We have ϕj ց ϕ, and by (3),
1{ϕ>−k}[α+ dd
cϕj ] ∧ T = 1{ϕ>−k}[α+ ddcϕk] ∧ T
whenever j ≥ k, sine {ϕj > −k} = {ϕ > −k} and max(ϕj ,−k) = ϕk. Observe that
{ϕ > −k} ⊂ {ϕ > −j}. Hene
µj(ϕ, T ) := 1{ϕ>−j}[α+ dd
cϕj ] ∧ T
is an inreasing sequene of Borel measures on X, whose total mass is bounded from above
by 1 = {α} · {T}.
Denition 1.1. We set µ(ϕ, T ) := limր µj(ϕ, T ) and
E(T, α) := {ϕ ∈ PSH(X,α) /µ(ϕ, T )(X) = 1}.
Alternatively ϕ ∈ E(T, α) if and only if [α+ ddcϕj ] ∧ T ({ϕ ≤ −j})→ 0.
Observe that the probability measures [α+ddcϕj ]∧T onverge to µ(ϕ, T ) as Borel measures
(i.e. in mass) when ϕ ∈ E(T, α). This is muh stronger than onvergene as Radon measures
(i.e. in the weak topology) and furnishes the key to the next proposition.
Proposition 1.2. Assume ϕ ∈ E(T, α). Then
(1) the measures α ∧ T and µ(ϕ, T ) do not harge the set {ϕ = −∞};
(2) if T puts no mass on a omplete pluripolar set P , then neither does µ(ϕ, T ).
Proof. We an suppose that ϕ ≤ 0. To simplify notation we set µ = µ(ϕ, T ) and µj = µj(ϕ, T ).
Note rst that µj({ϕ = −∞}) = 0, and therefore µ({ϕ = −∞}) = 0.
Fix χ : R → R a onvex inreasing funtion suh that χ(−∞) = −∞ and χ ◦ ϕ ∈ L1(µ)
(see Lemma 1.3 below). Sine 0 ≥ ϕj ≥ ϕ and 0 ≤ µj ≤ µ, we have
sup
j
∫
X
(−χ) ◦ ϕj dµj ≤
∫
X
(−χ) ◦ ϕdµ < +∞.
By Stokes theorem,∫
X
(−χ) ◦ ϕj (α+ ddcϕj) ∧ T =
∫
(−χ) ◦ ϕj α ∧ T +
∫
χ′ ◦ ϕjdϕj ∧ dcϕj ∧ T,
where the rightmost term is non-negative. Observe that the measures (α+ ddcϕj) ∧ T and µ
have the same mass sine ϕ ∈ E(T, α) and oinide in (ϕ > −j), hene
(α+ ddcϕj) ∧ T (ϕ ≤ −j) = µ(ϕ ≤ −j).
Therefore∫
(ϕ≤−j)
(−χ) ◦ ϕj (α+ ddcϕj) ∧ T = (−χ)(−j)µ(ϕ ≤ −j) ≤
∫
(ϕ≤−j)
(−χ) ◦ ϕdµ,
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whih yields ∫
X
(−χ) ◦ ϕj α ∧ T ≤
∫
X
(−χ) ◦ ϕdµ < +∞.
We infer χ ◦ ϕ ∈ L1(α ∧ T ), hene in partiular α ∧ T (ϕ = −∞) = 0.
Let P be a omplete pluripolar set, i.e. P = {ψ = −∞} for some quasi-plurisubharmoni
funtion ψ ≤ 0 on X. Let ω be a Kähler form. By assumption ω∧T (P ) = 0. Attenuating the
singularities of ψ if neessary (i.e. replaing ψ by χ ◦ψ for some onvex inreasing funtion χ
with slow growth at −∞ and suh that still χ(−∞) = −∞), we an assume ψ ∈ L1(ω ∧ T ).
Write α = θ + ddcu, where θ is smooth and u is bounded. We an also assume without
loss of generality that ω′ = θ + ω is Kähler and ddcψ ≥ −ω′ (replae ω by Aω, A >> 1, if
neessary).
We laim that for every bounded α-psh funtion v, ψ ∈ L1([α + ddcv] ∧ T ). Indeed
0 ≤
∫
(−ψ)[α + ddcv] ∧ T ≤
∫
(−ψ)ω′ ∧ T +
∫
(u+ v)(−ddcψ) ∧ T.
Now we an assume that u+ v ≥ 0 sine these funtions are bounded. The onlusion follows
by observing that −ddcψ ≤ ω′.
This shows in partiular that µj = [α + dd
cϕj ] ∧ T (P ) = 0, hene µ(P ) = 0 sine (µj)
onverges to µ in the strong sense of Borel measures. 
We now introdue a set of weights.
Notation. We let W be the set of all onvex inreasing funtions χ : R → R suh that
χ(−∞) = −∞ and χ(0) = 0.
A straightforward omputation (see [GZ2℄) shows that if ϕ ∈ PSH(X,α) and χ′ ◦ ϕ ≤ 1,
then χ ◦ ϕ ∈ PSH(X,α).
Lemma 1.3. Let µ be a positive measure and u a measurable funtion whih is bounded from
above and suh that u > −∞ µ-a.e. Then there exists χ ∈ W suh that χ ◦ u ∈ L1(µ).
Proof. Assume for simpliity that u is negative. From the identity∫
(χ ◦ u)dµ =
∫ ∞
0
µ(χ ◦ u < −t)dt,
it is straightforward to onstrut a pieewise ane χ that sues. 
Proposition 1.4. Assume that T has the form T = β + ddcψ, with β a positive urrent
with bounded potentials, and T puts no mass on the set {ψ = −∞}. Then T does not harge
pluripolar sets.
Consequently if ϕ ∈ E(T, α), then µ(ϕ, T ) does not harge pluripolar sets.
Proof. Fix a Kähler form ω. Replaing β with β + ω, we may assume {β}2 > 0. If P ⊂ X is
loally pluripolar then by Theorem 7.2 in [GZ1℄, P ⊂ {u = −∞} for some u ∈ PSH(X,β).
Fix χ ∈ W suh that χ ◦ ψ ∈ L1(T ∧ ω).
We an assume without loss of generality that χ ◦ u ∈ PSH(X,β) and ∫X(−χ) ◦ u [β +
ddcu]∧ω < +∞, replaing u by χ◦ (u−C), C > 0, if neessary (in other words it is no loss of
generality to assume u has small singularities, see [CGZ℄ for more detail). The omparison
priniple (see Proposition 2.5 in [GZ2℄) then gives∫
(−χ) ◦ uT ∧ ω ≤ 2
∫
(−χ) ◦ u [β + ddcu] ∧ ω + 2
∫
(−χ) ◦ ψ T ∧ ω < +∞.
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Therefore χ ◦ u ∈ L1(T ∧ ω), in partiular T ∧ ω(P ) ≤ T ∧ ω({u = −∞}) = 0.
The seond statement of the proposition follows from Proposition 1.2. 
We introdue another lass of α-psh funtions.
Denition 1.5. For χ ∈ W we set
Eχ(T, α) :=
{
ϕ ∈ PSH(X,α) / sup
j∈N
∫
X
(−χ) ◦ ϕj [α+ ddcϕj ] ∧ T < +∞
}
,
where ϕj := max(ϕ,−j) are the anonial approximants.
The relationship between these lasses and E(T, α) is the following.
Proposition 1.6. We have
E(T, α) =
⋃
χ∈W
Eχ(T, α).
Proof. Given ϕ ∈ Eχ(T, α), we may assume ϕ ≤ 0. Then
0 ≤ [α+ ddcϕj ] ∧ T ({ϕ ≤ −j}) ≤ 1|χ(−j)| supk
∫
X
(−χ ◦ ϕk)[α+ ddcϕk] ∧ T → 0,
sine χ(−∞) = −∞. Hene ϕ ∈ E(T, α).
Conversely assume ϕ ∈ E(T, α). By Proposition 1.2 and Lemma 1.3, there is weight χ ∈ W
suh that χ ◦ ϕ ∈ L1(µ(ϕ, T )). We have by denition
(4) µ(ϕ, T )({ϕ > −j}) = [α+ ddcϕj ] ∧ T ({ϕ > −j}).
Sine the measures on either side have the same total mass, we infer that
(5) µ(ϕ, T )({ϕ ≤ −j}) = [α+ ddcϕj ] ∧ T ({ϕ ≤ −j}).
Writing µ(ϕ) = µ(ϕ, T ) and αϕj := α+ dd
cϕj , we use (4) again to get∫
X
(−χ ◦ ϕj)αϕj ∧ T = (−χ)(−j)
∫
{ϕ≤−j}
αϕj ∧ T +
∫
{ϕ>−j}
(−χ ◦ ϕ)αϕj ∧ T
= (−χ)(−j)
∫
{ϕ≤−j}
dµ(ϕ) +
∫
{ϕ>−j}
(−χ ◦ ϕ) dµ(ϕ)
≤
∫
X
(−χ ◦ ϕ) dµ(ϕ).
So ϕ ∈ Eχ(T, α). 
1.2. Intersetion of urrents. Let α, β, S, T be positive losed (1, 1) urrents on X suh
that
(1) α, β have bounded potentials;
(2) S = α+ ddcϕ for some ϕ ∈ PSH(X,α);
(3) T = β + ddcψ for some ψ ∈ PSH(X,β);
(4) {α} · {β} = ∫X α ∧ β = {S} · {T} = 1.
We want to dene the wedge produt S ∧ T . That is we want to onstrut a probability
measure µ suh that whenever ϕj ∈ PSH(X,α)∩L∞(X), ψj ∈ PSH(X,β)∩L∞(X) derease
towards ϕ,ψ then
(†) Sj ∧ Tj := [α+ ddcϕj ] ∧ [β ∧ ddcψj ] −→ µ
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in the weak sense of Radon measures. Reall that the wedge produt Sj∧Tj of losed urrents
with bounded potentials is well dened thanks to the work of E.Bedford and A.Taylor [BT1℄.
It is well known that it is not always possible to dene S∧T when the urrents have unbounded
potentials, even if S = T . We show here that it is nevertheless possible in some very general
situations.
The L1 ondition. When the potential ϕ of S, is integrable with respet to (the trae measure
of) the urrent T , then the urrent ϕT is well-dened, as is therefore
µ = S ∧ T := α ∧ T + ddc(ϕT ).
It is well known that the ontinuity property (†) holds in this ase. This is a onsequene of
the following lemma, whih we will need for own purposes.
Lemma 1.7. Assume ϕ ∈ L1(T ). Then for any bounded quasiplurisubharmoni funtion u,
and for any sequene ϕj ∈ PSH(X,α) dereasing to ϕ, one has ϕj ∈ L1(T ) and∫
X
u [α+ ddcϕj ] ∧ T −→
∫
X
u [α+ ddcϕ] ∧ T.
Proof. By the monotone onvergene theorem ϕjT → ϕT as urrents. Therefore [α+ddcϕj ]∧
T → [α+ddcϕ]∧T in the weak sense of Radon measures. Hene we are done if u is ontinuous.
Sine u is upper semi-ontinuous, we get that
lim sup
∫
X
u [α + ddcϕj ] ∧ T ≤
∫
X
u [α+ ddcϕ] ∧ T.
We now use the assumption that u ∈ PSH(X, γ) for some positive losed (1, 1)-urrent γ
with bounded potentials. It follows from repeated appliation of Stokes theorem that∫
X
u [α+ ddcϕj ] ∧ T =
∫
uα ∧ T +
∫
X
ϕj [γ + dd
cu] ∧ T −
∫
X
ϕjγ ∧ T
≥
∫
X
u [α+ ddcϕ] ∧ T +
∫
X
(ϕ− ϕj)γ ∧ T.
The integrations by parts are easily justied beause u is bounded. By monotone onvergene,∫
X(ϕ− ϕj)γ ∧ T → 0. So we infer
lim inf
∫
X
u [α+ ddcϕj ] ∧ T ≥
∫
X
u [α+ ddcϕ] ∧ T.

Note that the ondition ϕ ∈ L1(T ) is symmetri, ϕ ∈ L1(T ) ⇔ ψ ∈ L1(S). This follows
from the Stokes theorem: if ω is any xed Kähler form, then∫
X
ϕT ∧ ω =
∫
X
ψS ∧ ω +
∫
X
ϕβ ∧ ω −
∫
X
ψα ∧ ω,
where the last two integrals are nite beause qpsh funtions are always integrable with respet
to measures of the form α ∧ ω (resp. β ∧ ω) (see e.g. [De℄).
Lastly, note that if α1 + dd
cϕ1 and α2 + dd
cϕ2 are two representations of the same losed
positive urrent S, with αi of bounded potential, then ϕ1 ∈ L1(T ) i ϕ2 ∈ L1(T ). It therefore
makes sense to write S ∈ L1(T )" as a shorthand for ϕ ∈ L1(T ) for some hoie of α". Thus
we have just seen that
S ∈ L1(T )⇔ T ∈ L1(S).
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In the next paragraph we will give a dierent approah to the wedge produt, using the
energy formalism.
The energy ondition. We will show that the wedge produt S ∧ T an be dened as µ(ϕ, T )
whenever ϕ ∈ E(T, α).
Proposition 1.8. Assume ϕ ∈ L1(T ) so that the probability measure S ∧ T is well dened.
Then
µ(ϕ, T ) = 1{ϕ>−∞}S ∧ T.
Therefore ϕ ∈ E(T, α) if and only if S ∧ T ({ϕ = −∞}) = 0.
Proof. Without loss of generality, assume that ϕ < 0. Let ϕj := max(ϕ,−j) and uk :=
max(ϕ/k + 1, 0) ∈ PSH(X,α) ∩ L∞(X), where k ≤ j is xed. Observe that {uk > 0} =
{ϕ > −k} and uk = 0 elsewhere, thus
uk [α+ dd
cϕj ] ∧ T = uk1{ϕ>−j} [α+ ddcϕj ] ∧ T = uk µj(ϕ, T ),
Letting j → +∞ we infer, by using Lemma 1.7, that
〈uk S ∧ T, h〉 = 〈ukµ(ϕ, T ), h〉, for all k ∈ N
and for any ontinuous test funtion h on X. Now uk ր 1{ϕ>−∞}, so
〈1{ϕ>−∞} S ∧ T, h〉 = 〈µ(ϕ, T ), h〉
sine µ(ϕ, T ) does not harge {ϕ = −∞}. 
Proposition 1.8 implies that whenever S ∈ L1(T ), one has ϕ ∈ E(T, α) if and only if
ψ ∈ E(S, β), and in either ase µ(ϕ, T ) = µ(ψ, S). The next result gives some symmetry even
without the integrability assumption. It follows from a monotone onvergene argument that
we defer until the next subsetion.
Theorem 1.9. Assume ϕ ∈ E(T, α) and ψ ∈ E(S, β). Assume moreover that T does not
harge pluripolar sets. Then
µ(ϕ, T ) = µ(ψ, S)
and this measure does not harge pluripolar sets.
If, moreover, ϕj ∈ PSH(X,α), ψj ∈ PSH(X,β) derease to ϕ, ψ, and we set Sj :=
α+ ddcϕj , Tj := β + dd
cψj, then we have ϕj ∈ E(Tj , α), ψj ∈ E(Sj, β) and
µ(ϕj , Tj) = µ(ψj, Sj) −→ µ(ϕ, T ) = µ(ψ, S)
in the weak sense of Radon measures.
Note that the ondition ϕ ∈ E(T, α) does not depend on the hoie of α.
Proposition 1.10. Assume that S = α1 + dd
cϕ1 = α2 + dd
cϕ2, where α1, α2 have bounded
potentials. Then µ(ϕ1, T ) = µ(ϕ2, T ). In partiular ϕ1 ∈ E(T, α1) if and only if ϕ2 ∈ E(T, α2).
Proof. Fix u bounded suh that α2 = α1 + dd
cu. Subtrating a onstant if neessary, we an
assume ϕ1 = ϕ2 + u. Fix M > 0 suh that −M ≤ u ≤ +M .
Observe thatmax(ϕ2,−j)+u = max(ϕ1,−j+M) in the plurine open set {ϕ1 > −j +M} ⊂
{ϕ2 > −j}. Thus
1{ϕ1>−j+M}[α1 + dd
cmax(ϕ1,−j +M)] ∧ T
≤ 1{ϕ2>−j}[α2 + ddcmax(ϕ2,−j)] ∧ T ≤ µ(ϕ2, T ).
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We infer µ(ϕ1, T ) ≤ µ(ϕ2, T ), whene equality by reversing the roles of ϕ1 and ϕ2. In
partiular ϕ1 ∈ E(T, α1) if and only if ϕ2 ∈ E(T, α2). 
We already know that if both ϕj and ψj are bounded, then µ(ϕj , Tj) = Sj ∧ Tj . Hene
under the hypotheses of Theorem 1.9, our results now make it reasonable to set
S ∧ T := µ(ϕ, T ) = µ(ψ, S).
Also we an write S ∈ E(T ) to say that ϕ ∈ E(T, α) for some hoie of α. In summary, we
have shown that if S ∈ E(T ) and T ∈ E(S), then there is a well-dened wedge produt S ∧ T .
We stress that our denition of S ∧ T applies even in some ases where S /∈ L1(T ) (see [GZ2,
2.4℄). On the other hand, the ase where S and T are transversely interseting lines shows
that S ∈ L1(T ) does not mean that S ∈ E(T ).
We now disuss the hypothesis made in Theorem 1.9 that T does not harge pluripolar
sets. Later on we will apply this onstrution to the ase where T = T+ is the anonial
f∗-invariant urrent assoiated to a 1-stable endomorphism f : X → X of small topologial
degree. The laminar struture and extremality properties of T+ will allow us to reah the
following alternative:
- either T+ does not harge pluripolar sets,
- or T+ is supported on a omplete pluripolar set.
It is therefore important to notie that the latter possibility an not our under the nite
energy assumption.
Proposition 1.11. Assume T = β+ ddcψ is supported on (ψ = −∞) and ϕ ∈ E(T, α). Then
µ(ψ, S) = 0, hene in partiular ψ /∈ E(S, β).
Proof. Assume ϕ ∈ E(T, α). It follows from Lemma 1.14 that ϕ ∈ E(Tj , α), where Tj =
β + ddcψj , ψj = max(ψ,−j).
Observe that by denition of µ(ϕ, Tj), the measures Tj ∧Sk onverge (in the strong sense of
Borel measures) towards µ(ϕ, Tj), as k → +∞. Here Sk = α+ddcϕk, where ϕk = max(ϕ,−k).
Now µ(ϕ, Tj) = Tj ∧ S, as follows from Proposition 1.8. We infer
1{ψ>−j}Tj ∧ Sk k→+∞−→ 1{ψ>−j}Tj ∧ S.
Observe nally that 1{ψ>−j}Tj∧Sk = 1{ψ>−j}T ∧Sk = 0 if T is supported on (ψ = −∞). The
latter equality follows from lemma 1.12 below. Thus 1{ψ>−j}Tj∧S = 0, hene µ(ψ, S) = 0. 
The following result is probably known to experts in pluripotential theory. Sine we ould
not nd a referene, we inlude a proof.
Lemma 1.12. Assume T = ddcψ ≥ 0 is a positive losed (1, 1) urrent in the unit ball
B ⊂ C2, whih gives full mass to {ψ = −∞}. Then so does the measure T ∧ ddcu, for any
loally bounded plurisubharmoni funtion u.
Proof. This is a loal question; we an assume all our objets are dened in a small neigh-
borhood of B. Set ̺ := eψ. This is a bounded psh funtion suh that {̺ > 0} = {ψ > −∞}
and {̺ = 0} = {ψ = −∞}. By assumption ̺T = 0 and we need to prove that ̺µ = 0, where
µ = T ∧ ddcu, u ∈ PSH(B) ∩ L∞loc(B).
If u is smooth, this easily follows from the identity
〈̺µ, χ〉 = 〈̺T, χddcu〉
valid for any test funtion χ.
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For the general ase we approximate u by a dereasing sequene of smooth psh funtions
uj . Set µj := T ∧ ddcuj . Sine
〈̺µj , χ〉 = 〈̺T, χddcuj〉 = 0,
it sues to show that the measures ̺µj onverge, in the weak sense of Radon measures,
towards ̺µ. This is obvious if ̺ is ontinuous. Let ̺ε denote a sequene of smooth psh
funtions dereasing to ̺. Sine
lim
j→+∞
〈̺εµj, χ〉 = 〈̺εµ, χ〉,
for xed ε > 0, it sues to show that ̺εµj → ̺µj as ε→ 0 uniformly with respet to j.
Using a max-onstrution, we an assume without loss of generality that ̺ε ≡ ̺ ≡ uj ≡
u ≡ ||z||2 − 1 near ∂B. This allows us to integrate by parts, sine all these funtions vanish
on ∂B. Let χ be a test funtion, then
|〈̺εµj, χ〉 − 〈̺µj , χ〉| ≤ ||χ||C2〈(̺ε − ̺)ddcuj , T 〉
= Cχ
∫
d(̺ε − ̺) ∧ dcuj ∧ T
≤ Cχ
(∫
d(̺ε − ̺) ∧ dc(̺ε − ̺) ∧ T
)1/2(∫
duj ∧ dcuj ∧ T
)1/2
,
as follows from Cauhy-Shwarz inequality.
The latter integral is uniformly bounded from above,∫
duj ∧ dcuj ∧ T =
∫
(−uj) ∧ ddcuj ∧ T ≤ ||u||L∞
∫
ddcuj ∧ T ≤M0,
while the next to last onverges to zero,∫
d(̺ε − ̺) ∧ dc(̺ε − ̺) ∧ T ≤
∫
(̺ε − ̺)ddc̺ ∧ T −→ 0,
as follows from the monotone onvergene theorem. 
1.3. Proof of Theorem 1.9. We start with two useful inequalities.
Lemma 1.13. Fix χ ∈ W and let u, v ∈ PSH(X,α) ∩ L∞(X) be suh that u ≤ v ≤ 0. Then
0 ≤
∫
X
(−χ ◦ v) [α + ddcv] ∧ T ≤ 2
∫
X
(−χ ◦ u) [α+ ddcu] ∧ T.
The proof is a simple integration by parts (see Lemma 2.3 in [GZ2℄ for similar omputation).
It will follow from this lemma that in the denition of the lass Eχ(X,α), one an replae the
anonial approximants by any sequene of bounded α-psh funtions dereasing towards ϕ.
Fix γ ≥ 0 a positive losed urrent with bounded potentials. For this lemma we use the
notation αϕ := α+ dd
cϕ and γu := γ + dd
cu.
Lemma 1.14. Fix χ ∈ W and 0 ≥ ϕ ∈ PSH(X,α) ∩ L∞(X). Let u ≤ v be two γ-psh
funtions. Then
0 ≤
∫
X
(−χ ◦ ϕ)αϕ ∧ γv ≤ 2
∫
X
(−χ ◦ ϕ)αϕ ∧ γu + χ′(0)
∫
X
[v − u]α2.
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Proof. It follows from Stokes theorem that∫
(−χ ◦ ϕ)αϕ ∧ γv =
∫
(−χ ◦ ϕ)αϕ ∧ γu +
∫
(v − u)αϕ ∧ [−ddcχ ◦ ϕ].
Observe that −ddcχ ◦ ϕ ≤ χ′ ◦ ϕα, thus the latter integral is bounded from above by I =∫
(v − u)χ′ ◦ ϕαϕ ∧ α. Now
χ′ ◦ ϕαϕ ≤ χ′ ◦ ϕαϕ + χ′′ ◦ ϕdϕ ∧ dcϕ = χ′ ◦ ϕα+ ddc(χ ◦ ϕ),
so we may estimate the integral I
I ≤
∫
(−χ ◦ ϕ)α ∧ ddc(u− v) +
∫
(v − u)χ′ ◦ ϕα2
≤
∫
(−χ ◦ ϕ)α ∧ γu + χ′(0)
∫
(v − u)α2.
The onlusion follows by observing that∫
(−χ ◦ ϕ)αϕ ∧ γu =
∫
(−χ ◦ ϕ)α ∧ γu +
∫
χ′ ◦ ϕdϕ ∧ dcϕ ∧ γu ≥
∫
(−χ ◦ ϕ)α ∧ γu.

Proof of Theorem 1.9. Without loss of generality we an assume that ϕ,ψ ≤ 0.
Step 1. Assume that ϕj := max(ϕ,−j) and ψj := max(ψ,−j) are the anonial approximants.
We rst show that the measures Sj ∧ Tj onverge to µ(ϕ, T ). Reall that by denition,
µ(ϕ, T ) = limր 1{ϕ>−j}Sj ∧ T.
Fix N ∈ N. It follows from (3) that for all j ≥ N ,
Sj ∧ Tj ≥ 1{ψ>−N}Sj ∧ Tj = 1{ψ>−N}Sj ∧ T.
Let σ be a luster point of the sequene (Sj ∧ Tj). We infer
σ ≥ lim
N→+∞
1{ψ>−N}µ(ϕ, T ) = 1{ψ>−∞}µ(ϕ, T ) = µ(ϕ, T ),
sine µ(ϕ, T ) does not harge the pluripolar set {ψ = −∞}, as follows from Proposition 1.2
(beause we assume T does not harge pluripolar sets). Sine both σ and µ(ϕ, T ) are proba-
bility measures, it follows that σ = µ(ϕ, T ).
We now show that µ(ϕ, T ) = µ(ψ, S). Observe rst that
1{ϕ>−j}∩{ψ>−j}Sj ∧ Tj −→ µ(ϕ, T ),
where the onvergene holds in the strong sense of Borel measures. Reall that µ(ψ, S) =
limր 1{ψ>−j}S ∧ Tj . Now 1{ϕ>−j}S ∧ Tj = 1{ϕ>−j}Sj ∧ Tj , hene
1{ϕ>−j}
[
1{ψ>−j}S ∧ Tj
]
= 1{ϕ>−j}∩{ψ>−j}Sj ∧ Tj.
We infer 1{ϕ>−∞}µ(ψ, S) = µ(ϕ, T ). Sine these are both probability measures, we onlude
that µ(ψ, S) = µ(ϕ, T ) and this measure does not harge pluripolar sets (by Proposition 1.2).
Step 2. In the sequel we set µ = µ(ϕ, T ) = µ(ψ, S) and we x χ ∈ W suh that ϕ ∈ Eχ(T, α)
and ψ ∈ Eχ(S, β). We show that
χ ◦ ϕj Sj ∧ Tj −→ χ ◦ ϕµ
in the strong sense of Borel measures.
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Let B be a Borel subset of X. We leave the reader hek that
∫
B χ ◦ϕjSj ∧ T onverges to∫
B χ ◦ ϕdµ as j → ∞. It then sues to verify that
∫
B χ ◦ ϕj Sj ∧ (T − Tj) → 0. It follows
from (3) that
1{ψ>−j}χ ◦ ϕjSj ∧ Tj = 1{ψ>−j}χ ◦ ϕjSj ∧ T.
Sine ∫
B∩{ψ≤−j}
|χ| ◦ ϕjSj ∧ T ≤
∫
{ψ≤−j}
|χ| ◦ ϕjSj ∧ T →
∫
{ψ=−∞}
|χ| ◦ ϕdµ = 0,
we will be done if we an show that
∫
{ψ≤−j} |χ| ◦ ϕjSj ∧ Tj → 0.
>From Lemmas 1.13 and 1.14, we obtain Mχ ∈ R suh that∫
(−χ) ◦ ϕj Sj ∧ Tj ≤Mχ,
∫
(−χ) ◦ ψj Sj ∧ Tj ≤Mχ for all j ∈ N.
Choose another weight χ˜ ∈ W, suh that the same uniform bound hold, and suh that
moreover χ = o(χ˜) and χ/χ˜ is inreasing (to nd suh a χ˜, hoose χ˜ rst and then χ!). We
onlude that ∫
{ψ≤−j}
|χ| ◦ ϕjSj ∧ Tj ≤Mχ˜
∣∣∣∣χχ˜(−j)
∣∣∣∣→ 0,
as desired.
>From Step 2 we immediately obtain the following generalization of Lemma 1.13.
Corollary 1.15. Let χ ∈ W, u ∈ Eχ(T, α) and v ∈ PSH(X,α) suh that u ≤ v ≤ 0. Then
v ∈ Eχ(T, α) and
0 ≤
∫
X
(−χ ◦ v) [α + ddcv] ∧ T ≤ 2
∫
X
(−χ ◦ u) [α+ ddcu] ∧ T.
Step 3. Let ϕj , ψj ≤ 0 denote now arbitrary sequenes of α-psh, β-psh funtions dereasing
towards ϕ,ψ. From Lemma 1.14 and Corollary 1.15, we infer that ϕj ∈ Eχ(Tj , α) and ψj ∈
Eχ(Sj , β). Thus the measures µ(ϕj , Tj) = µ(ψj , Sj) are well dened. We set
ϕ
(K)
j := max(ϕj ,−K), ψ(K)j := max(ψj ,−K), ϕ(K) := max(ϕ,−K)
and ψ(K) := max(ψ,−K). Similarly
S
(K)
j := α+ dd
cϕ
(K)
j , T
(K)
j := β + dd
cψ
(K)
j , S
(K) = α+ ddcϕ(K)
and T (K) = β + ddcψ(K).
It follows from Step 1 that S(K) ∧ T (K) → µ and S(K)j ∧ T (K)j → Sj ∧ Tj when K → +∞.
It follows from the monotone onvergene theorem of [BT1℄ that for eah xed K,
S
(K)
j ∧ T (K)j −→ S(K) ∧ T (K) as j → +∞.
Thus we will be done if we an prove that the onvergene S
(K)
j ∧ T (K)j → Sj ∧ Tj is uniform
with respet to j. This is what we show now.
Fix a Borel subset B ⊂ X. Observe that {ϕj ≤ −K} ∪ {ψj ≤ −K} ⊂ {uj ≤ −K}, where
uj := ϕj + ψj . Fixing χ ∈ W as at the end of Step 2, we have from onvexity of χ that
sup
j
∫
X
(−χ ◦ uj)Sj ∧ Tj ≤ sup
j
∫
X
(−χ ◦ ϕj)Sj ∧ Tj + sup
j
∫
X
(−χ ◦ ψj)Sj ∧ Tj ≤ 2Mχ.
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It follows again from (3) that S
(K)
j ∧ T (K)j ≡ Sj ∧ Tj in the plurine open set {ϕj > −K} ∩
{ψj > −K}, thus∣∣∣S(K)j ∧ T (K)j (B)− Sj ∧ Tj(B)∣∣∣ ≤
∫
{uj≤−K}
[
S
(K)
j ∧ T (K)j + Sj ∧ Tj
]
.
Lemma 1.14 and Corollary 1.15 imply that
∫
(−χ) ◦ u(K)j S(K)j ∧ T (K)j is bounded above by
4Mχ + C. Hene ∣∣∣S(K)j ∧ T (K)j (B)− Sj ∧ Tj(B)∣∣∣ ≤ 6Mχ + C|χ(−K)|
onverges to zero as K → +∞, uniformly with respet to j. 
1.4. The gradient approah. We now give an alternative desription of the nite energy
onditions in terms of integrability properties of weighted gradients (in the spirit of [BD℄ who
onsidered the speial ase χ(t) = t in what follows).
Reall that any funtion ϕ ∈ PSH(X,α) has gradient in L2−ε(X) for any ε > 0, but
∇ϕ /∈ L2(X) in general. Indeed, ϕ has gradient in L2 if and only if ϕ ∈ L1(αϕ), where we
write αϕ = α+ dd
cϕ as before. More generally when αϕ := α+ dd
cϕ does not harge the set
{ϕ = −∞}, there exists χ ∈ W suh that χ ◦ ϕ ∈ L1(αϕ). Hene∫
X
χ′ ◦ ϕdϕ ∧ dcϕ ∧ ω =
∫
X
(−χ ◦ ϕ) ddcϕ ∧ ω ≤
∫
X
(−χ ◦ ϕ)αϕ ∧ ω < +∞,
where ω is a xed Kähler form. We get that ϕ has weighted gradient in L2(X).
This suggests that we an give an alternative desription of our energy onditions in terms
of weighted gradients.
Denition 1.16. For χ ∈ W we set
∇χ(T, α) :=
{
ϕ ∈ PSH(X,α) / sup
j≥0
∫
X
χ′ ◦ ϕjdϕj ∧ dcϕj ∧ T < +∞
}
,
where ϕj := max(ϕ,−j) are the anonial approximants.
Proposition 1.17. Fix χ ∈ W. Then
Eχ(T, α) =
{
ϕ ∈ ∇χ(T, α) /χ ◦ ϕ ∈ L1(α ∧ T )
}
Proof. This follows from integrating by parts,∫
(−χ ◦ ϕj)αϕj ∧ T =
∫
(−χ ◦ ϕj)α ∧ T +
∫
χ′ ◦ ϕj dϕj ∧ dcϕj ∧ T.

Remark 1.18. If χ′ is bounded above, then to verify the ondition χ ◦ ϕ ∈ L1(α ∧ T ) in
Proposition 1.17, it sues to show simply that χ ◦ ϕ ∈ L1(T ).
Proof. Sine α ≥ 0 has bounded potentials, we have α ≤ cω + ddcu where u is bounded and,
without loss of generality, positive. Thus,
0 ≤
∫
−χ ◦ ϕα ∧ T ≤ c
∫
−χ ◦ ϕω ∧ T +
∫
−u ddc(χ ◦ ϕ) ∧ T.
The assertion therefore follows from the bound −u ddc(χ◦ϕ) ≤ −u(χ′ ◦ϕ)ddcϕ ≤ ‖uχ′‖∞ ω+.

ENERGY AND INVARIANT MEASURE 15
1.5. Examples. We give here simple riteria whih ensure that some of our energy onditions
are satised. We let E1(T, α) denote the lass Eχ(T, α) for the weight χ(t) = t. Observe that
E1(T, α) =
⋂
χ∈W
Eχ(T, α).
Proposition 1.19. If ϕ ∈ PSH(X,α) is bounded, then ϕ ∈ E1(T, α).
This is easy and follows diretly from the denitions. In dynamial situations, invariant
urrents with bounded potentials appear for instane for meromorphi maps on surfaes of
Kodaira dimension zero (see 4). The next result is a bit more elaborate and will be useful in
partiular with ϕ = Γ± in 3.
Proposition 1.20. Assume ϕ ∈ PSH(X,α) ∩ L∞loc(X \ F ), where F is a nite set of points.
Then ϕ ∈ L1(T ).
Moreover if ϕ ≥ A log dist(·, F ) − A for some onstant A > 0, and if ν(T, p) = 0 for all
p ∈ F , then ϕ ∈ E(T, α).
Proof. We an assume without loss of generality that ϕ ≤ 0 on X. Fix ω a Kähler form on
X. We need to show that
∫
X(−ϕ)T ∧ ω < +∞. Let ω′ be a smooth form ohomologous to ω
whih vanishes in a small neighborhood of F . We an nd h ≥ 0 a smooth funtion suh that
ω = ω′ + ddch. Now∫
X
(−ϕ)T ∧ ω =
∫
X
(−ϕ)T ∧ ω′ +
∫
X
hT ∧ (−ddcϕ)
≤
∫
X
(−ϕ)T ∧ ω′ +
∫
X
hT ∧ α < +∞,
sine ϕ is bounded on the support of T ∧ω′. We have used here that hT ≥ 0 while −ddcϕ ≤ α.
This shows that ϕ ∈ L1(T ). Thus the measure µ := S ∧ T = (α + ddcϕ) ∧ T is well dened.
Assume now that ϕ ≥ g := A log dist(·, F )−A for some ontant A > 0 and ν(T, p) = 0 for
all p ∈ F . Assume g ∈ PSH(X,α). Observe that g ∈ L1(T ). Hene θ = [α+ddcg]∧T is a well
dened positive measure whih looks, loally near eah point in F , like the projetive mass
of T . Sine ν(T, p) = 0 when p ∈ F , we infer that θ(p) = 0. Therefore θ({g = −∞}) = 0,
and there exists χ ∈ W suh that g ∈ Eχ(T, α). It now follows from Corollary 1.15 that
ϕ ∈ Eχ(T, α) also, sine ϕ is less singular than g.
When g is not α-psh, it is ω-psh and hene (ω + α)-psh, for some Kähler form ω. Observe
that ϕ is also (ω + α)-psh. We laim that ϕ ∈ E(T, α) if and only if ϕ ∈ E(T, α+ ω). Indeed
µ(ϕ, T, α + {ω}) = lim
j→+∞
[
µj(ϕ, T, α) + 1{ϕ>−j}ω ∧ T
]
= µ(ϕ, T, α) + 1{ϕ>−∞}ω ∧ T.
Now ω ∧ T (ϕ = −∞) = 0 sine (ϕ = −∞) ⊂ F is nite. Thus
M (µ(ϕ, T, α + {ω})) = {T} · (α+ {ω}) if and only if M (µ(ϕ, T, α)) = {T} · α,
whih was the desired result. We an now onlude the proof by replaing α by α+ ω in the
above argument. 
2. The anonial invariant measure
Now let us return to the dynamial situation desribed in the introdution. For the remain-
der of this paper, f : X → X is a meromorphi transformation of a ompat Kähler surfae
(X,ω). We always assume that
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- f is 1-stable, i.e. (fn)∗ = (f∗)n on H1,1(X,R) for all n ∈ N;
- the dynamial degrees of f satisfy 1 ≤ λ2(f) < λ1 := λ1(f).
With these onditions, our work in [DDG1℄ shows that the anonial urrent T+ = λ−11 f
∗T+
in (1) exists and an be alternatively expressed
(6) T+ = lim
n→∞
λ−n1 f
n∗ω+ = ω+ + ddcG+, with G+ =
∞∑
n=0
Γ+ ◦ fn
λn1
,
where ω+ is a positive losed urrent with bounded potentials ohomologous to T+ and
ddcΓ+ = λ−11 f
∗ω+ − ω+. The anonial forward invariant urrent T− = λ−11 f∗T− also exists
and admits a similar desription
(7) T− = lim
n→∞
λ−n1 f
n
∗ ω
− = ω− + ddcG−, with G− =
∞∑
n=0
λ−n1 f
n
∗ Γ
−.
2.1. The dynamial energy. We an assume, without loss of generality, that {ω+}·{ω−} =
{T+}·{T−} = 1. Our aim here is to use the tehniques from 1 to dene a probability measure
µf = T
+ ∧ T− and understand its geometri and dynamial properties.
Denition 2.1. We say that f has nite dynamial energy if
T+ ∈ E(T−) and T− ∈ E(T+).
We assume heneforth that our maps always have nite dynamial energy. Finite dynamial
energy is equivalent via Proposition 1.6 to having χ ∈ W suh that
G+ ∈ Eχ(T−, ω+) and G− ∈ Eχ(T+, ω−).
We say then more speially that f satises ondition (Eχ). We shall see in 4 some weights
χ ∈ W that atually arise in spei families of examples.
The existene of µf , in the sense of Theorem 1.9, is a onsequene of nite dynamial energy.
When kod(X) = 0, the invariant urrent T− has bounded potentials, hene it does not harge
pluripolar sets. When X is rational, we instead onsider T+.
Proposition 2.2. Assume X is rational and f has nite dynamial energy. Then T+ does
not harge pluripolar sets.
Proof. The proof onsists in establishing the following more preise alternative:
- either T+ does not harge pluripolar sets,
- or it is supported on a pluripolar set, hene f annot have nite dynamial energy.
Deompose T+ as T+ = T+np + T
+
pp, where T
+
np = 1{G+>−∞}T
+
does not harge pluripolar
sets, while T+pp = 1(G+=−∞) gives full mass the pluripolar set G
+ = −∞. Beause T+ is a
strongly approximable laminar urrent (see [DDG1℄) It follows from [Du1, Theorem 6.8℄ that
this deomposition is losed, i.e. T+pp, T
+
np are losed urrents.
Sine T+ is invariant (under f∗/λ1) and does not harge (ritial) urves (see Theorem 2.4
in [DDG1℄), we also infer that T+pp, T
+
np are both invariant. Now T
+
is an extremal point of
the one of positive losed invariant urrents (see Remark 2.2 in [DDG1℄). Thus it follows
that either T+ = T+np does not harge pluripolar sets (see Proposition 1.4), or T
+ = T+pp is
supported on the pluripolar set {G+ = −∞}. In the latter ase, it follows from Proposition
1.11 that f annot have nite dynamial energy. 
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As it will be seen below and in [DDG3℄, the nite dynamial energy ondition will allow
us to understand the dynamis of µf quite thoroughly. >From Proposition 1.8 we get the
following nie alternative, whih emphasizes the naturality of this assumption.
Theorem 2.3. Assume that T+ ∈ L1(T−), so that µf = T+ ∧ T− is well dened. Then
- either µf harges the pluripolar set {G+ = −∞} ∪ {G− = −∞},
- or f has nite dynamial energy.
2.2. Mixing.
Theorem 2.4. Assume f has nite dynamial energy. Then the measure µf = T
+ ∧ T− is
f -invariant and mixing, and it does not harge pluripolar sets.
Proof. It follows from Proposition 2.2 and Theorem 1.9 that µf = T
+ ∧ T− is a well dened
probability measure whih does not harge pluripolar sets. In partiular, µf = T
+ ∧ T− does
not harge the pluripolar set I+ ⊂ {G+ = −∞}. Moreover by Theorem 1.9,
µf = lim
n,p→+∞
µn,p, where µn,p :=
1
λn1
(fn)∗ω+ ∧ 1
λp1
(fp)∗ω
−.
Sine f∗µn,p = µn−1,p+1 and sine the operator f∗ is ontinuous on the set of probability
measures whih do not harge the indeterminay set I+, we infer f∗µf = µf , i.e. µf is an
invariant probability measure.
We now show that µf is mixing. Let h and k be test funtions on X. We need to show that∫
X
k h ◦ fn dµf −→
∫
X
hdµf
∫
X
k dµf .
Set µj := [ω
−+ddcvj ]∧T+, where vj := max(G−,−j) are the anonial approximants ofG−.
Fix χ ∈ W suh that G− ∈ Eχ(T+, ω−). It follows from Corollary 1.15 that χ ◦G− ∈ L1(µf ),
χ ◦ vj ∈ L1(µj) uniformly in j, and also that µj ≡ µf in the plurine open set {G− > −j}.
Therefore ∣∣∣∣
∫
X
k h ◦ fn dµf −
∫
X
k h ◦ fn dµj
∣∣∣∣ ≤ ||k||L∞ ||h||L∞(µf + µj){G− ≤ −j}
onverges to zero as j → +∞, uniformly with respet to n ∈N.
It sues then to replae µf by (ω
− + ddcv) ∧ T+, where v is a bounded ω−-psh funtion
and show ∫
X
k h ◦ fn(ω− + ddcv) ∧ T+ →
(∫
k(ω− + ddcv) ∧ T+
)(∫
hdµf
)
.
Observe that here we an replae ω− by θ−, whih is smooth. So it sues to show the
onvergene for an arbitrary Kähler form ω, instead of θ−.
If v is smooth the onvergene follows from Proposition 2.5 below. For the general ase,
reall that we an approximate v from above by a dereasing family of smooth ω-psh funtions
vε. The proof will be nished if we show that
∫
X kh ◦ fn ddc(vε − v) ∧ T+ onverges to zero
as ε→ 0, uniformly with respet to n. For this we rst integrate by parts∣∣∣∣
∫
X
k h ◦ fn ddc(vε − v) ∧ T+
∣∣∣∣ ≤
∣∣∣∣
∫
X
dk ∧ dc(vε − v) ∧ h ◦ fn T+
∣∣∣∣
+
∣∣∣∣
∫
X
dh ◦ fn ∧ dc(vε − v) ∧ k T+
∣∣∣∣ = I(n, ε) + II(n, ε),
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and use the Cauhy-Shwarz inequality. For the rst term we get
I(n, ε) ≤ ||h||L∞ ||k||C1
[∫
d(vε − v) ∧ dc(vε − v) ∧ T+
]1/2
→ 0,
beause v is bounded.
Treating the seond integral II(n, ε) similarly gives rise to an integral of the form∫
d(h ◦ fn) ∧ dc(h ◦ fn) ∧ kT+.
Then we argue as in the proof of [DDG1, Theorem 3.3℄ to get that this integral isO(λn2/λ
n
1 ). 
Proposition 2.5. Let h be a (smooth) test funtion on X. Then
h ◦ fn T+ −→ cT+, where c =
∫
hdµf
Again, the proof is similar to that of [DDG1, Theorem 3.3℄, so we omit it.
2.3. Geometri intersetion. In this paragraph, X is supposed to be projetive. We showed
in [DDG1℄ that the invariant urrents T+ and T− admit important geometri strutures. More
preisely T+ (resp. T−) is a strongly approximable laminar (resp. woven) urrent.
Our purpose here is to show that the measure µf an be alternatively obtained by inter-
seting these geometri strutures. Reall that another result that has been obtained using
laminarity is the fat that T+ and onsequently µf does not harge pluripolar sets.
We rst very briey reall some preliminaries on geometri urrents (see [Du1, Du2℄ and
also [DDG1, DDG3℄ for more details). The onstrution of these geometri strutures requires
subdivisionsQ of X into families of ubes Q ∈ Q, whih are obtained by projeting along two
generially transverse linear penils, and taking intersetions of subdivision of the projetion
bases into squares. In partiular we have some freedom in the hoie of the projetions and
the squares. The spaes parametrizing projetions and squares are manifolds so we an speak
of a generi subdivision where generiity is understood in the sense of Lebesgue measure.
That T+ is a strongly approximable laminar urrent means that if Q is a generi inreasing
family (atually, a sequene) of subdivisions by ubes, then T+ is the limit of an inreasing
family
T+Q =
∑
Q∈Q
T+Q ,
the urrent T+Q is uniformly laminar in Q. Furthermore, T
+
Q an be written as an integral over
a measured family of disjoint submanifolds of uniformly bounded volume
(8) T+Q =
∫
α∈A+
Q
[∆+α ] dν
+
Q(α).
We have the important estimate
(9) M(T+ − T+Q ) ≤ Cr2.
The same holds for T−, with woven instead of laminar. In this ase (8) beomes
(10) T−Q =
∫
α∈A−
Q
[∆−α ] dν
−
Q(α),
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where the ∆− are allowed to interset and an be singular. In view of (8) and (10) we an
naturally dene the geometri intersetion of T+Q and T
−
Q as
T+Q ∧˙T−Q =
∫
A+
Q
∫
A−
Q
[∆+α ∩∆−α′ ] dν+Q(α) dν−Q(α′),
where by denition, [∆α ∩∆α′ ] is the sum of Dira masses at isolated intersetions, ounting
multipliities.
Assume now that T+ ∧ T− is well dened, in the L1 or energeti sense. We say that the
wedge produt T+ ∧ T− is a geometri intersetion if the family of measures T+Q ∧˙T−Q :=∑
Q∈Q T
+
Q ∧˙T−Q inreases to T+ ∧ T− when Q is any family of generi subdivisions into ubes
of size r → 0.
The following basi result asserts that for uniformly geometri urrents the wedge produt
is geometri.
Proposition 2.6. With notation as above, assume that T+Q ∈ L1loc(T−Q ). Then the wedge
produt T+Q ∧ T−Q is geometri, that is,
T+Q ∧ T−Q =
∑
Q∈Q
T+Q ∧˙T−Q .
Proof. The proposition follows by applying Lemma 2.7 below twie. Notie that if ∆ and ∆′
are submanifolds in Q, [∆] ∈ L1loc([∆′]) i ∆ and ∆′ only have isolated intersetions. If this
holds, then [∆] ∧ [∆′] = [∆ ∩∆′] (see [De℄). 
Lemma 2.7. Assume that R and S are two positive losed urrents in an open set Q, suh
that S ∈ L1loc(R) and S admits a deomposition S =
∫
Sαdν(α) as an integral of positive losed
urrents. Then for ν a.e. α, Sα ∈ L1loc(R) and we have the deomposition
R ∧ S =
∫
(R ∧ Sα)dν(α).
Proof. The result is loal so onsider a small ball B ⋐ Q. By denition, α 7→ M(Sα|B) is
loally ν integrable. By Lemma 2.8 below, for every α there exists a non positive psh funtion
uα in B suh that dd
cuα = Sα and ‖uα‖L1(B′) ≤ CM(Sα|B), where B′ is a slightly smaller
ball. Hene u =
∫
uαdν(α) is a well dened psh funtion whih is a potential for S in B
′
.
Now sine u ∈ L1loc(R), we get that for a.e. α, uα ∈ L1loc(R), whih is the rst assertion of
the lemma, while the seond follows by applying ddc to the formula uR =
∫
uαRdν(α). 
The following lemma is lassial and goes bak at least to [Le℄ (see [BE℄ for a brief treat-
ment).
Lemma 2.8. Let T be a positive losed urrent with nite mass in the unit ball B ⊂ C2. Then
T admits potential u whih is anonial, negative on B(0, 1/2) and satises ‖u‖L1(B(0,3/4) ≤
CM(T ), with C a universal onstant.
We now arrive to the main result in this paragraph.
Theorem 2.9. Assume X is projetive and that f has nite dynamial energy. Then the
wedge produt T+ ∧ T− is geometri.
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Proof. Let us rst assume for simpliity that T+ ∈ L1(T−). This guarantees that all the
wedge produts T±∧T∓Q , T+Q ∧T−Q are well dened in the L1loc sense and bounded from above
by T+ ∧ T−. The wedge produt T+Q ∧ T−Q is geometri by Proposition 2.6 and we need to
show that this produt inreases towards µf = T
+ ∧ T−, as r > 0 dereases towards 0. Here
the situation is symmetri so it sues to estimate the mass M(T− ∧ (T+ − T+Q )). We follow
the proof and notation of Theorem 5.2 in [Du2℄.
Shifting the ubes slightly, we an assume the mass of µf is not onentrated near the
boundary ofQ. Let ψQ =
∑
Q∈Q ψQ be a test funtion suh that eah funtion ψQ is supported
in the ube Q, satises 0 ≤ ψQ ≤ 1 and is identially equal to 1 in the major part of Q.
It sues to show that
∫
X ψQT
− ∧ (T+ − T+Q ) → 0. Note that ψ an be hosen so that
||∇ψQ|| = O(1/r) and ||ddcψQ|| = O(1/r2).
Let G−j = max{G−,−j}, T−j = ω− + ddcG−j and µj = T−j ∧ T+ as before. Then
(11)
∫
ψQT
− ∧ (T+ − T+Q ) =
∫
ψQT
−
j ∧ (T+ − T+Q ) +
∫
ψQ(T
− − T−j ) ∧ (T+ − T+Q ).
In the seond integral on the right, we use the fats that T+ ≥ T+Q are losed on SuppψQ and
that T− ∧ (T+ − T+Q ) = T−j ∧ (T+ − T+Q ) on {G− > −j} to estimate∣∣∣∣
∫
X
ψQ(T
− − T−j ) ∧ (T+ − T+Q )
∣∣∣∣ =
∣∣∣∣∣
∫
{G−≤−j}
ψQ(T
− − T−j ) ∧ (T+ − T+Q )
∣∣∣∣∣(12)
≤
∫
{G−≤−j}
ψQ(µf + µj),
whih tends to zero as j → ∞ uniformly in r (reall that µj({G− ≤ −j}) = µ({G− ≤ −j})
see (5)). >From now on we x j suh that this integral is small.
It remains to ontrol the rst integral on the right hand side of (11). For onveniene it is
better to write T−j = θ
− + ddcHj , where θ
−
is a smooth form ohomologous to ω− and Hj is
still bounded. This gives∫
ψQT
−
j ∧ (T+ − T+Q ) = −
∫
dψQ ∧ dcHj ∧ (T+ − T+Q ) +
∫
ψQθ
− ∧ (T+ − T+Q ).
The seond term on the right tends to zero as r → 0 by laminarity of T+. The rst we
estimate with Shwarz' inequality and the estimate given by the strong approximability of
T+. ∣∣∣∣
∫
dψQ ∧ dcHj ∧ (T+ − T+Q )
∣∣∣∣
2
≤ ‖dψQ‖2∞O(r2)
∫
dHj ∧ dcHj ∧ (T+ − T+Q ).
Sine ‖dψQ‖2∞ = O(r−2), it sues to know that the last integral tends to zero with r. But
this happens beause the bounded funtion Hj has gradient in L
2
with respet to T+, and
beause T+Q ր T+ (see the end of the argument in [Du2℄).
We now no longer assume that T+ ∈ L1(T−). One diulty is that we have to justify the
existene of the loal wedge produts T+Q ∧ T−, et. This is ensured by the following lemma
(whih, it is perhaps worth stressing, does not require homogeneity of X).
Lemma 2.10. There exists S+Q arbitrary lose to T
+
Q suh that G
− ∈ L1loc(S+Q). Likewise,
there exists S−Q arbitrary lose to T
−
Q suh that G
+ ∈ L1loc(S−Q).
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Proof. Sine T− ∈ E(T+), by the rst item of Proposition 1.2 G− is not −∞ a.e. on T+.
Thus, given a ube Q, G− is not identially −∞ on T+Q . Now T+Q =
∫
[∆α]dν
+
Q(α), hene for
ν+-a.e. disk ∆α, Φ(α) :=
∫
∆α
G− is nite. Consider now
ν+N := ν
+|{Φ>−N} and T+Q,N :=
∫
[∆α]dν
+
N (α).
Then by onstrution G− ∈ L1(T+Q,N ) and T+Q,N is arbitrarily lose to T+Q .
The argument for S−Q is similar. 
>From now on we replae the T±Q with the S
±
Q as given by the previous lemma, so all the
loal wedge produts (T+Q ∧ T−Q , T+Q ∧ T−, T+ ∧ T−Q ) are well dened in the usual L1 sense.
We further assume that S±Q is so lose to T
±
Q that the estimate (9) is satised.
We now need to justify the inequalities T+Q ∧ T−Q ≤ T+ ∧ T−, et. This follows from the
following simple observation: let T−j = ω
− + ddcmax(G−,−j). We have that T+ ∧ T−j →
T+ ∧ T− (by the energy approah) and T+Q ∧ T−j → T+Q ∧ T− (by the lassial approah) as
j →∞. Sine T+Q ∧ T−j ≤ T+ ∧ T−j we onlude that T+Q ∧ T− ≤ T+ ∧ T−. In the same way
we obtain that T+ ∧ T−Q ≤ T+ ∧ T−. The inequality T+Q ∧ T−Q ≤ T+Q ∧ T− is obvious sine all
wedge produts are dened in the lassial sense.
Starting from here the proof is idential to the L1 ase. 
3. Homogeneous weights
In this setion we give riteria allowing to verify in pratie (see 4.4) the nite energy
ondition for the homogeneous weights χ(t) = −(−t)p, with 0 < p ≤ 1.
Reall from (6) and (7) that we an write T± = ω± + ddcG±. To analyze the potential
G+, it is easier to use the funtion Γ+ as an intermediary. Indeed, Proposition 2.4 in [DDG1℄
implies that Γ+ ≥ A log dist(·, I+)−B for some A,B > 0, where I+ ⊂ X is the indeterminay
set of the map f . Let us all an indeterminay point
p ∈ I+ spurious if f(p) · ω+ = 0.
At every non-spurious point, we also have the reverse inequality Γ+ ≤ A log dist(·, p) −B.
Similar inequalities hold for Γ−. We let E+ denote the exeptional set of f , i.e. the union
of those urves ollapsed by f to points, and set I− = f(E+). Then Γ− ≥ A log dist(·, I−)−B
with the reverse inequality holding if and only f−1(p) ·ω− 6= 0 for every p ∈ I−. Likewise, we
say that a point in
p ∈ I− is spurious if f−1(p) · ω− = 0.
We refer the reader to [DDG1℄ for more about spurious points. Here we point out only that:
(1) if the invariant ohomology lasses {T+}, {T−} are Kähler, then there is no spurious
point of indeterminay in resp. I+, I−;
(2) when f is bimeromorphi, we an always perform a bimeromorphi hange of oordi-
nates to get rid of spurious indeterminay [BD, Prop. 4.1℄.
It is plausible that a similar result holds when the topologial degree λ2(f) is merely smaller
than the rst dynamial degree λ1 = λ1(f). We refer the reader to 5 in [DDG1℄ for some
results in this diretion.
The Lelong numbers of T+ vanish on I− (see [DDG1, Theorem 2.4℄). Hene Proposition
1.20 gives
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Proposition 3.1. We have Γ− ∈ E(T+, ω−).
A similar result holds for Γ+/T− if we know that T− has zero Lelong number at eah point
in I+ (whih we do e.g. when λ2(f) = 1).
The main theme in this setion is that for homogeneous weights, it is possible to pass from
ontrol on energy of Γ± to ontrol on that of G±. This idea originates in [BD℄. We set
Ep(T, ω) := Eχ(T, ω) and ∇p(T, ω) := ∇χ(T, ω)
where χ(t) = −(−t)p, 0 < p ≤ 1.
Proposition 3.2. Fix 0 < p ≤ 1. Then
Γ+ ∈ Ep(T−, ω+) if and only if G+ ∈ ∇p(T−, ω+).
If λp1 > λ2(f) then we similarly have that
Γ− ∈ Ep(T+, ω−) if and only if G− ∈ ∇p(T+, ω−).
Proof. Sine Γ+ and G+ are both ω+-psh funtions suh that G+ ≤ Γ+ ≤ 0, it follows from
Corollary 1.15 that
G+ ∈ Eχ(T−, ω+) =⇒ Γ+ ∈ Eχ(T−, ω+),
for any weight χ ∈ W.
Assume onversely now that Γ+ ∈ Eχ(T−, ω+) for the speial homogeneous weight χ(t) =
−(−t)p, 0 < p ≤ 1. Sine χ′ ◦G+ ≤ χ′(λ−j1 Γ+ ◦ f j) = λ−j(p−1)1 χ′(Γ+ ◦ f j), it follows from the
Cauhy-Shwarz inequality and (f j)∗T
− = λj1T
−
that(∫
X
χ′ ◦G+ dG+ ∧ dcG+ ∧ T−
)1/2
≤
∑
j≥0
1
λj1
(∫
X
χ′ ◦G+d(Γ+ ◦ f j) ∧ dc(Γ+ ◦ f j) ∧ T−
)1/2
≤
∑
j≥0
1
λ
jp/2
1
(∫
X
χ′ ◦ Γ+dΓ+ ∧ dcΓ+ ∧ T−
)1/2
< +∞.
Hene G+ ∈ ∇χ(T−, ω+).
For Γ− and G−, the proof is very similar exept that in the estimate analogous to the one
in the previous display, pushforward does not distribute over produts as well as pullbak. If
η is a (1, 0) form, we have only an inequality
i f∗η ∧ f∗η ≤ λ2(f) · f∗(i η ∧ η).
Arguing as above and setting Eχ(Γ
−) =
∫
χ′ ◦ Γ−dΓ− ∧ dcΓ− ∧ T+, we thus get(∫
X
χ′ ◦G− dG− ∧ dcG− ∧ T+
)1/2
≤
∑
j≥0
(
λ2
λp1
)j/2 [
Eχ(Γ
−)
]1/2
,
whih is nite if λp1 > λ2. 
Sine L1 ⊂ Lp for 0 < p ≤ 1, Propositions 1.17 and 3.2 diretly imply
Corollary 3.3. Suppose 0 < p ≤ 1 and T+ ∈ L1(T−). Then Γ+ belongs to Ep(T−, ω+) if
and only if G+ does. If in addition λp1 > λ2, then Γ
−
belongs to Ep(T+, ω−) if and only if G−
does.
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Having largely redued the problem of ontrolling G± to that of ontrolling Γ±, we now
seek eetive means of aomplishing the latter. The omputations below will be the same
for Γ+ and Γ−, so we work only with Γ+. We let Ω = ω+ + cω. For c > 0 large enough, both
Γ+ and ϕ := log dist(·, I+) are Ω-psh funtions. Sine Γ+ ≥ Aϕ−B, Lemma 1.13 gives
Proposition 3.4. Let χ be any weight funtion. Then ϕ ∈ Eχ(T−,Ω) implies that Γ+ ∈
Eχ(T−,Ω).
Hene we onsider weighted energy of ϕ. Let ϕj be the anonial approximants. Then up
to nite additive onstants we have
0 ≤ −
∫
χ ◦ ϕj(Ω + ddcϕj) ∧ T− = −
∫
−G−ddcϕj ∧ ddcχ ◦ ϕj
=
∫
−G−(χ′′ ◦ ϕj) dϕj ∧ dcϕj ∧ ddcϕj +
∫
−G−(χ′ ◦ ϕj) (ddcϕj)2
≤
∫
X\I+
−G−χ′′ ◦ ϕdϕ ∧ dcϕ ∧ ddcϕ+
∫
X\I+
−G−χ′ ◦ ϕ (ddcϕ)2 +
∫
−G−(χ′ ◦ ϕ)νj
= I + II + III,
where νj = (dd
cϕj)
2|ϕ=−j is a positive measure. Note also that dϕ∧dcϕj ∧ddcϕ2j puts no mass
on ϕ = −j. One an verify this by replaing max{·, j} with a smooth onvex approximation
in the denition of ϕj and then omputing diretly.
To bound integral I, we ompute in loal oordinates that
dϕ ∧ dcϕ ∧ ddcϕ ≤ C dV (x)
dist(x, I+)4
So if m−(t) is the spherial mean of G− on the set {dist(p, I+) = et}, we get
I ≤ C
∫ maxϕ
−∞
−m−(t)χ′′(t) dt,
We laim that II is always nite. To see this, let π : Xˆ → X be the blowup of X along the
nite set I+. Then diret omputation in loal oordinates about I+ reveals that on X \ I+,
one has (ddcϕ◦π)2 ≤ dV , where dV is a smooth volume form on Xˆ. Sine G− ◦π is π∗α−-psh
on Xˆ, this gives us that
II =
∫
Xˆ\π−1(I+)
−(G− ◦ π)(χ′ ◦ ϕ ◦ π) (ddcϕ ◦ π)2 ≤
∫
Xˆ\π−1(I+)
−G− ◦ π dV <∞.
Finally, to deal with III, we note that for j large νj is uniformly (in j) proportional to
normalized spherial measure on {dist(p, I+) = e−j}. Hene we obtain that
III ≤ −Cm−(−j)χ′(−j).
With these estimates we arrive at two onlusions very muh in the spirit of [BD℄. We state
them only for Γ+, but the analogous assertions for Γ− are equally valid and proved in the
same way.
Corollary 3.5. If G− is nite at all points in I+, then Γ+ ∈ E1(T−, ω+). Hene also
G+ ∈ ∇1(T−, ω+). If moreover T+ ∈ L1(T−) then G+ ∈ E1(T−, ω+).
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Proof. By Propositions 3.4 and 3.2, it sues to verify that the above bounds on I and III
are nite (and uniform as j → ∞). In this ase, we have χ(t) = t, and in partiular χ′′ ≡ 0.
Hene I is trivially nite.
On the other hand, χ′ ≡ 1 and as t→ −∞, m−(t) dereases to the average value of G− on
the set I+. In partiular the bound on III is uniform as j →∞ if G− is nite on I+. 
For other homogeneous weight funtions, our estimates on I and III immediately give an
analogous riterion.
Corollary 3.6. Let (as above) m−(t) denote the mean of G− on {dist(x, I+) = et}. Suppose
for some q ∈ (0, 1) that
lim sup
t→−∞
|t|q−1|m−(t)| <∞.
Then for any 0 < p < q, we have Γ+ ∈ Ep(T−, ω+). Hene G+ ∈ ∇p(T−, ω+). If additionally
T+ ∈ L1(T−), then G+ ∈ Ep(T−, ω+).
In some irumstanes (e.g. polynomial maps of C2) it is possible to see diretly that
T+ ∈ L1(T−). Corollaries 3.5 and 3.6 are adequate by themselves for these situations. In
other irumstanes, however, it is not easy to verify that T+ ∈ L1(T−). We show now that
one an avoid doing this if there are no spurious points in I+ or I−.
Theorem 3.7. Suppose that 0 < p ≤ 1 is hosen so that λp1 > λ2 and that G+ ∈ ∇p(T−, ω+),
G− ∈ ∇p(T+, ω−). If there are no spurious points in I+ or I−, then it is further true that
G+ ∈ Ep(T−, ω) and G− ∈ Ep(T+, ω).
We prove the theorem in a sequene of lemmas, fousing mainly on G+. The ase of G−
is idential, exept that as in the proof of Proposition 3.2, we need the ondition λp1 > λ2 to
make the triangle inequality work in a ouple of plaes below.
Lemma 3.8. There exists k ∈N and c > 0 suh that for every n ∈ N, we have
fnk∗ ω
λnk1
≤ cω + ddcwn
where wn ≥ −cG− is cω-psh
We remark before ontinuing that if the indeterminay set of f has no spurious points, then
neither does that of fk. Therefore, there is no partiular harm in assuming for the sake of
notational simpliity that k = 1 when we apply the lemma.
Proof. Let θ− be a smooth form ohomologous to T−. Then by Theorem 1.3 in [DDG1℄ we
have ω = aθ− + η for some a > 0 and a smooth form η suh that λ−k1 f
k
∗ η tends to zero in
ohomology. Thus for k large enough, we have
fk∗ω
λk1
≤ aθ− + 1
2
ω + ddcw
where w is a quasipsh funtion that is smooth away from I−(fk). Sine there are no spurious
points in I−, we have in fat that w ≥ bG− for some b > 0. Iterating this inequality then
gives
fkn∗ ω
λkn1
≤ abnθ− + 1
2n
ω + ddc

n−1∑
j=0
f jk∗ w
2(n−1−j)λjk1

+ ddc

n−2∑
j=0
abn−2−j
1
λjk1
(f jk)∗Γ
−

 ,
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where bn =
∑n−1
ℓ=0 2
−ℓ ≤ 2. Sine fj∗Γ−
λj
1
≥ fj∗G−
λj
1
≥ G−, the lemma follows immediately. 
Lemma 3.9. Both
∫ −χ ◦G+ T+ ∧ ω and ∫ −χ ◦G− T− ∧ ω are nite.
Proof. Modulo nite additive onstants, the rst integral is estimated by(∫
−χ ◦G+ T+ ∧ ω
)1/2
=
(∫
χ′ ◦G+dG+ ∧ dcG+ ∧ ω
)1/2
≤
∞∑
n=1
(∫
χ′
(
Γ+ ◦ fn
λn1
)
d(Γ+ ◦ fn) ∧ dc(Γ+ ◦ fn)
λ2n1
∧ ω
)1/2
=
∞∑
n=1
1
λ
np/2
1
(∫
χ′ ◦ Γ+ dΓ+ ∧ dcΓ+ ∧ f
n
∗ ω
λn1
)1/2
≤
∞∑
n=1
1
λ
np/2
1
(∫
χ′ ◦ Γ+ dΓ+ ∧ dcΓ+ ∧ (cω + ddcwn)
)1/2
,
where c, wn are as in the previous lemma. If we take the ontributions to the integral from
cω and from ddcwn separately, then the rst ontribution is nite by Proposition 1.20. The
seond ontribution is handled up to additive onstants as follows.∫
χ′ ◦ Γ+ dΓ+ ∧ dcΓ+ ∧ ddcwn =
∫
−wn ddc(χ ◦ Γ+) ∧ ddcΓ+
=
∫
−wn (ddcχ ◦ Γ+ + ω+) ∧ (ddcΓ+ + ω+) +O(1)
≤ c
∫
−G− (ddcχ ◦ Γ+ + ω+) ∧ (ddcΓ+ + ω+) +O(1)
= c
∫
−G− ddc(χ ◦ Γ+) ∧ ddcΓ+ +O(1)
= c
∫
χ′ ◦ Γ+ dΓ+ ∧ dcΓ+ ∧ T− +O(1)
whih is nite by the hypotheses of Theorem 3.7 
Lemma 3.10. Both
∫ −χ ◦G+ T− ∧ ω and ∫ −χ ◦G− T+ ∧ ω are nite.
Proof. We treat the rst integral only. Let Ω = ω++ω−. Then from Proposition 2.5 in [GZ2℄
we have up to additive onstants that∫
−χ ◦G+ T− ∧ ω =
∫
−χ ◦G+ ddc(G− +Ω) ∧ ω
≤ 2
∫
−χ ◦G+ [Ω + ddcG+] ∧ ω + 2
∫
−χ ◦G− [Ω + ddcG−] ∧ ω.
= 2
∫
−χ ◦G+ T+ ∧ ω + 2
∫
−χ ◦G− T− ∧ ω.
We have just seen that the last two integrals are nite, so the proof is omplete. 
Theorem 3.7 is now an immediate onsequene of Proposition 1.17 and Remark 1.18. 
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4. Examples
In this setion we exhibit families of examples satisfying our energy onditions. Reall from
Theorem 4.2 in [DDG1℄ that the assumption λ1(f) > λ2(f) implies that X is either rational
or of Kodaira dimension zero.
4.1. Polynomial mappings of C2. Suppose that f : C2 → C2 is polynomial and, as al-
ways, has small topologial degree. Reent work of Favre and Jonsson [FJ℄ gives a smooth
ompatiation X = C2 ∪D∞ of C2 and k ∈ N∗ suh that
(P1) the meromorphi extension of fk to X is 1-stable;
(P2) fk ontrats the divisor D∞ at innity to a xed point in I
− \ I+(fk);
(P3) the relative potential G+ for T+ is ontinuous in X \ I+(fk).
Using this information, we will show
1
:
Theorem 4.1. Let f : C2 → C2 be a polynomial mapping with λ2(f) < λ1(f), and let
X, k be as in (P1)-(P3). Then fk : X → X has nite dynamial energy. More preisely
G+ ∈ E1(T−, ω+) and G− ∈ E1(T+, ω−).
Proof. To simplify notation, we replae fk by f . We reall that 1-stability implies that
I+ ∩ I− = ∅. Sine G+ is ontinuous in X \ I+, it is in partiular nite at all points in I−, so
G+ ∈ E1(T−, ω+) by Proposition 1.20 and Corollary 3.5.
Though G− is less well-behaved, we an show it is nite at all points in I+. Sine f is
polynomial on C2, we have I+ ⊂ D∞. The invariane f(C2) ⊂ C2 and the ontration
property f(D∞ \ I+) = q = f(q) ∈ I− imply that f−1(I+) ⊂ I+. Thus
G−(p) =
∑
n≥0
1
λn1
(fn)∗Γ
−(p) ≥
∑
n≥0
1
λn1
(fn)∗M > −∞,
where M = minp∈I+ Γ
−(p) is nite beause I+ ∩ I− = ∅ (see [DDG1, Lemma 3.2℄). From
Corollary 3.5 again, we see thatG− ∈ ∇1(T+, ω−). SineG+ ∈ L1(T−), we have G− ∈ L1(T+)
by symmetry. Hene in fat G− ∈ E1(T+, ω−). 
It follows from Theorem 2.4 that µf = T
+∧T− is a well-dened, mixing invariant probability
measure whih does not harge pluripolar sets. We an atually say more.
Theorem 4.2. Let f be as in Theorem 4.1, and V ⊂ X be an algebrai urve. Then
log dist(·, V ) ∈ L1(µf ).
In partiular log dist(·, Cf ) ∈ L1(µf ), where Cf denotes the ritial set of f . This result will
allow us in [DDG3℄ to use Pesin's theory of non-uniformly hyperboli dynamial systems and
show the existene of many saddle periodi points.
Proof. Assume without loss of generality that V is irreduible. We laim that G−|V 6≡ −∞ on
V . Granting this for the moment, let 0 ≥ ϕV ∈ L1(X) be a global potential for the urrent
of integration along V . Thus ddcϕV = [V ]− Θ, where Θ is smooth, and ϕV ∈ L1(µf ) if and
only if log dist(·, V ) ∈ L1(µf ). From our laim we have that G− ∈ L1([V ]) and, by symmetry
ϕ ∈ L1(T−). Hene the measure T− ∧ [V ] is well-dened.
1
After this artile was aepted for publiation, it was pointed out to the authors that the onlusions of
Theorem 4.1 (as well as results about polynomial maps in [DDG1, DDG3℄) hold not only for the iterate fk
but in fat for the map f itself. The interested reader may onsult [DDG1, 4.1.1℄ for more details about this.
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Fix a onstant γ between
√
λ2 and λ1. Then from [FJ℄, we have C1 > 0 suh that
dist(fnx, I+) ≥ (C1dist(x, I+))γn , for all x ∈ X and n ∈ N
Sine Γ+(x) ≥ A log dist(x, I+) − B, we infer from (6) that G+(x) ≥ A′ log dist(x, I+) − B′.
Therefore repeated integration by parts gives (up to nite additive/multipliative onstants)∫
−ϕµf =
∫
−G+ T− ∧ [V ] ≤
∫
− log dist(·, I+)T− ∧ [V ]
=
∫
V
−G− ddc log dist(·, I+) ∧ [V ] ≤
∫
V
−G− ω ∧ [V ] +
∑
x∈I+∩V
G−(x) <∞,
sine G− is nite on I+.
It remains to verify that G− is not identially −∞ on V . Sine V must meet D∞ somewhere,
it sues to show that G− is nite on V ∩D∞. This is the ase if, for instane, V ∩D∞ ⊂ I+.
However, from f∗G
− = λ1(G
− − Γ−), we see that we need only show that G− is nite on
f−n(V ) ∩D∞ for some n ∈N. If, for instane, V ∩D∞ does not ontain the superattrating
point q ∈ I−, then this is true for n = 1 beause f−1(D∞ \ {q}) ⊂ I+. Finally, as the next
lemma makes lear, even if D∞ ∩ V does ontain q, the same reasoning works for some larger
value of n. 
Lemma 4.3. There exists an integer n ∈ N suh that if W is any irreduible omponent of
f−n(V ), not ontained in D∞, then q /∈W .
Proof. Suppose on the ontrary that for eah n ∈ N, there exists an irreduible omponent
Wn of f
n∗V suh that q ∈Wn butWn 6⊂ D. Then sine q is superattrating for f , this remains
true at the loal level. That is, there is a neighborhood U ∋ q and for every n ∈ N a loal
irreduible omponent Wn of the (loal) pullbak (f |U )n∗(V ) suh that q ∈Wn but Wn 6⊂ D.
Moreover, by [FJ℄ we may hoose a oordinate path U about q = 0 so that f : (U,0) →
(U,0) is a rigid holomorphi germ and there exists a non-trivial loal divisor Dloc ⊂ D satis-
fying (f |U )∗Dloc ≥ λ1Dloc. The loal topologial degree of f|U is no larger than λ2. Hene
λn1 ≤ 〈Wn, fn∗Dloc〉q = 〈fn∗Wn,Dloc〉q ≤ λn2 〈V,Dloc〉q ,
where 〈·, ·〉q denotes loal intersetion of germs at q. This ontradits λ2 < λ1 for large n. 
4.2. The seant method. If P : C→ C is a polynomial of degree at least two suh that all
roots of P are simple, then we reall the seant method from [DDG1℄: given points x, y ∈ C,
one delares f(x, y) = (y, z) where z is hosen so that (0, z) lies on the line from (x, P (x)) to
(y, P (y)). This presription denes a 1-stable meromorphi map f : P1×P1 → P1×P1 with
small topologial degree.
Proposition 4.4. The seant map f has nite dynamial energy. More preisely, G+ ∈
E1(T−, ω+) and G− ∈ E1(T+, ω−).
Proof. We have that I− = I−(fn) = {(z, z) : P (z) = 0} onsists of xed points for every n ∈ N
and that eah of these is attrating for f . It follows that dist(fn(I−), I+),dist(f−n(I+), I−) ≥
c for some c > 0 and every n ∈ N. As with the ase of G− for polynomial maps of C2 then,
we infer that G+ is nite on I− and vie versa. Thus by Corollary 3.5, G+ ∈ ∇1(T−, ω+) and
G− ∈ ∇1(T+, ω−).
The lasses of T+ and T− are both Kähler, moreover, so from Theorem 3.7 we see that
G+ ∈ E1(T−, ω+) and G− ∈ E1(T+, ω−). 
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4.3. Kodaira dimension zero. When kod(X) = 0, we may assume after birational onju-
gation that X is minimal and f is 1-stable (see [DDG1, Proposition 4.3℄).
Proposition 4.5. Assume X is a minimal surfae with kod(X) = 0. Then f satises ondi-
tion (Eχ) with χ(t) = t. Moreover log dist(·, I+) ∈ L1(µf ).
Proof. We know from [DDG1℄ that f is non-ramied. Therefore I− is empty and (see [DDG1,
Proposition 4.10℄) G− is ontinuous on X. That is, the hypotheses of Corollary 3.5 are satised
by both G+ and G−. From Proposition 1.20, we further have log dist(·, I+) ∈ L1(µf ). 
4.4. Irrational rotations. The following examples originate in the work of Favre [F℄ (see
also [B℄). Their ommon feature is the existene of a omplex line where f is onjugate to
a rotation. Choosing the rotation angle properly allows us to produe funtions G± that are
very singular and therefore useful for testing the sharpness of the energy onditions.
Example 4.6. Given a ∈ C, we onsider the birational transformation
f : [x : y : t] ∈ P2 7→ [y2 : ay2 + t2 − xy : yt] ∈ P2,
For (the all but ountably many) parameters a ∈ C suh that f is 1-stable on P2, we have
λ1(f) = 2 is the degree of the homogeneous polynomials dening f . Thus f has small
topologial degree. Moreover, sine dimH1,1(P2) = 1, it follows that we may take ω =
ω+ = ω−. So there are no spurious points in either I+ or I−.
One heks that I+ = {[1 : 0 : 0]}, I− = {[0 : 1 : 0]}, and that the line L := (t = 0) joining
these two points is f -invariant. When a ∈ C \ [−2, 2], we have I+∞ ∩ I−∞ = ∅, where
I+∞ =
⋃
n≥0
I+(fn) and I−∞ =
⋃
n≥0
I−(fn)
This implies that f is 1-stable and that G± is nite at points in I∓. >From Proposition 3.2,
Corollary 3.5 and Theorem 3.7 it follows that f satises ondition (Eχ) for χ(t) = t.
Now suppose that a = 2cos πθ ∈ [−2, 2]. In this ase fL := f|L is onjugate to a rotation of
angle 2πθ, and f is 1-stable if and only if θ is irrational. Determining whether or not f satises
(Eχ) for any given χ is triky. We will show for any given p ∈ (0, 1) that G± ∈ Ep(T∓, ω±)
if θ is not too well approximated by rational numbers. In [F℄ it was preisely proved that
G± /∈ E1(T∓, ω±) for ertain values of θ.
Observe that f is onjugate to f−1 by the involution (x, y) 7→ (y, x). Hene by Corollary 3.6
(also Proposition 3.2 and Theorem 3.7), we need only verify that lim supt→−∞ |m−(t)||t|q−1 dt <
+∞, where p is some number larger than q and m−(t) is the mean value of G− on the sphere
∂B[1:0:0](e
t). By plurisubharmoniity, m−(t) is omparable to supB(I+,et)G
−
, whih is in turn
bounded below by m−L (t) := supB(I+,et)∩LG
−
. We therefore estimate the latter, xing oor-
dinates on L ∼= P1 so that fL(x) = e2πiθx for all x ∈ C ⊂ L and that I+, I− beome the
points 1 and −1, respetively. Hene
G−(x) ≃
∑
n≥0
2−n log |e2πinθx+ 1|.
Note for any n ∈ N and t > 0 that sup|x−1|=e−t log |e2πinθx + 1| is essentially ahieved at
x = 1 + e−t. Hene
m−L (t) ≈
∑
n≥0
2−nmax{log ǫ(n), t}
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where ǫ(n) := minm∈Z |2nθ − (2m + 1)|. Now let (2mj+12nj )j∈N ⊂ Q be the sequene uniquely
determined by requiring gcd(2nj , 2mj + 1) = 1, setting n0 = 1 and hoosing nj > nj−1 to be
the smallest integer suh that ǫ(nj) < ǫ(nj−1). From this it is entertaining to ompute that
lim sup |m−L (t)||t|q−1 dt ≈ lim sup 2−nj | log ǫ(nj)|q.
In partiular, G± ∈ Ep(T∓, ω±) if the right side is nite for some q > p. We remark that
niteness holds for almost all θ ∈ R and an be heked for any given irrational θ by examining
its ontinued fration expansion.
The next example is studied in [DG℄ where it is proved that G+ ∈ L1(T−). Hene we are
in a situation where the alternative of Theorem 2.3 holds.
Example 4.7. For parameters a, b, c ∈ C∗, we onsider the rational transformation of the
omplex projetive plane, f = fabc : P
2 → P2, dened by
f [x : y : z] = [bcx(−cx+ acy + z) : acy(x− ay + abz) : abz(bcx+ y − bz)].
The following fats an be veried by straightforward omputation.
• fabc is birational with inverse f−1 = fa−1b−1c−1 .
• If = {[a : 1 : 0], [0 : b : 1], [1 : 0 : c]}.
• f preserves eah of the lines {x = 0}, {y = 0}, {z = 0} aording to the formulas
[x : 1 : 0] 7→ [−bcx : a : 0], [0 : y : 1] 7→ [0 : −acy : b] , [1 : 0 : z] 7→ [c : 0 : −baz]
In partiular, we have I∞f , I
∞
f−1 ⊂ {xyz = 0} for all a, b, c ∈ C∗.
Given s > 1 and an irrational number θ ∈ R, let f : P2 → P2 be the birational map
f = fabc with a = i, b = −se2πiθ, c = i/s. One an then hek (see [DG℄) that
• f is 1-stable on X = P2;
• T+ ∈ L1(T−).
Thus the measure µf = T
+∧T− is a well dened probability measure. It is further shown in
[DG℄ that µf does not harge urves and is mixing. We an apply the alternative of Theorem
2.3, reinfored by the ergodiity of µf :
• either µf is supported on the pluripolar set {G+ +G− = −∞},
• or f has nite dynamial energy.
We expet that the latter always ours. When θ is not too lose to rational numbers, this
an be veried by arguing as in the previous example.
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